Abstract. In this article we study the behaviour of semistable principal G-bundles over a smooth projective variety X under the extension of structure groups in positive characteristic. We extend some results of Ramanan-Ramanathan [19] on rationality of instability flags and show that the associated vector bundles via representations of G are not too unstable and the instability can be bounded by a constant independent of semistable bundles. As a consequence of this the boundedness of the set of isomorphism classes of semistable G-bundles with fixed degree and Chern classes is proven.
Introduction
Let G be a connected reductive algebraic group over an algebraically closed field k of arbitrary characteristic. Let X be a smooth projective variety over k with a fixed polarization H. In this paper we address the question of what happens to semistability of principal G-bundles under the extension of structure groups.
Recall the definition of a rational G-bundle E as a principal G-bundle over a big open subscheme (whose complement is of codimension at least 2). A rational G-bundle E over X is semistable with respect to the polarization H if for any reduction to a parabolic subgroup P of G over any big open subscheme, the line bundle associated to any dominant character on P has degree e 0.
One notes that restrictions of torsion free sheaves to suitable open sets define rational GLðV Þ-bundles and in this case the above definition of semistability coincides with usual msemistability.
Let r : G ! GLðV Þ be a representation of G on a vector space V which sends the connected component of the center of G to that of GLðV Þ. For any rational G-bundle E we denote by EðV Þ the associated rational vector bundle.
When the characteristic of the field is zero, it is proved in [19] that the bundle EðV Þ is semistable. If the characteristic of the field is a prime p which is su‰ciently large (quantified by the height of the representation) then the semistability of EðV Þ is proved in [12] .
In the case of arbitrary characteristic it is known that the bundle EðV Þ need not be semistable. Let m max À EðV Þ Á (and m min À EðV Þ Á ) be the slopes of the first (and the last) term in the Harder-Narasimhan filtration of EðV Þ. We prove the following theorem. Theorem 1.1. Let r : G ! GLðV Þ be a representation which sends the connected component of the center of G to that of GLðV Þ. Then there exists a constant CðX ; rÞ (depending only on X and r) such that for each rational semistable G-bundle E over X we have m max À EðV Þ Á À m min À EðV Þ Á e CðX ; rÞ.
We briefly describe the proof. Let EðGÞ be the group scheme associated to E and EðGÞ 0 be the group scheme at the generic point Spec À kðX Þ Á ! X . Let P be a maximal parabolic subgroup of GLðV Þ and let s be a rational reduction of structure group of E À GLðV Þ Á . There is an action of EðGÞ 0 on the smooth projective variety E À GLðV Þ=P Á 0 over kðX Þ which is linearized by a suitable line bundle. The section s gives a kðX Þ-valued
It is known that if s 0 is a semistable point for the above action then the reduction s does not violate the semistability of E À GLðV Þ Á (see Proposition 3.8). Also, if s 0 is not semistable and its instability parabolic Pðs 0 Þ (see Section 3 for the definition) is defined over the function field kðX Þ of X then again s does not violate the semistability of E À GLðV Þ Á (see Proposition 3.9) . This argument in characteristic zero proves that EðV Þ is semistable because Pðs 0 Þ is defined over kðX Þ and by its uniqueness it is invariant by the Galois group hence it is defined over kðX Þ.
In the case of characteristic p one of the important points in our proof is to show that there is an integer N (independent of the G-bundle E) such that if s 0 is not semistable then its instability parabolic is defined over the field kðX Þ p ÀN (see Proposition 4.5 ). This part is achieved by repeated use of an algebraic result which enables us to get uniform bounds for non-reducedness of fibers of morphisms of algebraic varieties (see Proposition 4.2).
Once the instability parabolic is defined over K p ÀN ðX Þ, this parabolic gives rise to a reduction of structure group of the Frobenius pull-back ðF N Þ Ã E. Using this reduction and some geometric invariant theory arguments, we reduce the problem to proving the following theorem which bounds instability of Frobenius pull-backs. Theorem 1.2. There exists a constant CðX ; GÞ and a constant NðGÞ such that for any rational G-bundle E we have
IdegðF
Ã EÞ f pNðGÞ IdegðEÞ þ CðX ; GÞ:
(The instability degree Ideg is defined by equation (1) in Section 2.)
In the case of vector bundles, the above result was proved by X. Sun (see [23] ) and Shephard-Barron (see [22] ).
We use Theorem 1.1 for groups of lower semisimple rank to prove Theorem 1.2. In fact we prove a generalization of Theorem 1.1 where we replace GLðV Þ by an arbitrary reductive group and 1.2 will then be a special case of this result (see Remark 5.5 Let c i A A i ðX Þ for 2 e i e n be fixed. We also fix a homomorphism d A Hom À XðGÞ; A 1 ðX Þ Á . Here A k ðX Þ's are the Chow groups and XðGÞ is the group of characters.
In the last section, we use the above results to show the following result on boundedness of semistable G-bundles (which are defined on all of X ). Here the degree of a principal bundle E is an element d E A Hom À XðGÞ;
for any character w of the group G. Here w Ã ðEÞ is the line bundle associated to E via w.
In characteristic 0, the boundedness of the set S b ðr;c c 1 ; . . . ;c c n Þ is well known (see [11] for example). In the case of positive characteristic, for surfaces, this is due to Gieseker [7] and Maruyama [16] . For higher dimensional varieties this is recently claimed by Langer [15] . This along with Theorem 1.3 would then prove boundedness of semistable G-bundles over X with fixed Chern classes.
When X is a smooth projective curve in characteristic 0, the boundedness of the semistable G-bundles with fixed degree is due to Ramanathan [20] ; in the case of positive characteristic, it is proved in [10] .
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Basic definitions and notations
Semistable G-bundles. In this section we recall and prove some basic facts about principal G-bundles over varieties. Let k be an algebraically closed field. Let G be a connected reductive algebraic group over k. Let T be a maximal torus and B a Borel subgroup containing T. Let R u ðBÞ be the unipotent radical of B. Then B is a semi-direct product R u ðBÞ Á T. We denote by X Ã ðTÞ, the group of 1-parameter subgroups of T (denote by 1-PS). X Ã ðTÞ denotes the group of characters of T. We have a perfect pairing X Ã ðTÞ n X Ã ðTÞ ! Z which will be denoted by ðÁ ; ÁÞ. Let F H X Ã ðTÞ be the set of roots of G, F þ be the set of positive roots and D be the set of simple roots corresponding to B. For any a A F, let T a be the connected component of kerðaÞ and Z a the centralizer of T a in G. Then the derived group ½Z a ; Z a is of rank one and there is a unique 1-PŜ a a : G m ! T X ½Z a ; Z a such that T ¼ ðimâ aÞ Á T a and ðâ a; aÞ ¼ 2. Thisâ a is the coroot corresponding to a. We denote byF F the set of coroots. The quadruple fX Ã ðTÞ; F; X Ã ðTÞ;F Fg defines a root system. For each a A D we have the fundamental dominant weight w a A X Ã ðTÞ n Q defined by ðb b; w a Þ ¼ d a; b for b A D and ðg; w a Þ ¼ 0 for any 1-parameter group in the connected component of the center of G. Let W ¼ NðTÞ=T be the Weyl group. We fix a W -invariant inner product on X Ã ðTÞ n Q (hence on X Ã ðTÞ n Q).
Let P be a parabolic subgroup of G containing B. Let U be its unipotent radical.
Then there is a subset P H D such that
ker a 0 be the connected component of the intersection of kernels of roots in D À P. By taking the centralizer of Z P one obtains a splitting P ! P=U ¼ L with Z P being the connected component of the center of L.
Let X be a smooth projective variety over k of dimension n and let kðX Þ ¼ K be the function field of X . Let H be a fixed polarization on X . Since any line bundle L over a big open subscheme U (whose complement is of codimension at least 2) admits a unique extension to all of X , its first Chern class makes sense. Recall the definition of the degree of the line bundle to be degðLÞ ¼ c 1 ðLÞ Á H nÀ1 . Hence for any torsion free sheaf its first Chern class and the degree with respect to H makes sense.
We recall from [19] that a rational G-bundle E is a principal G-bundle over a big open subscheme of X . For G ¼ GLðV Þ this defines a vector bundle over a big open subscheme and we call it rational vector bundle.
Let E ! U H X be a rational G-bundle with U a big open subscheme. By rational reduction of structure group s of E to P we mean a reduction of structure group over a big open subscheme U 0 H U. More precisely it is a pair ðE s ; fÞ with E s a P-bundle over U 0 and an isomorphism f : E s ðGÞ ! Ej U 0 . This is equivalent to giving a section s of the fiber bundle p : E=P ! U over U 0 . Here E=P denotes the extended rational fiber bundle EðG=PÞ over X . Let T p be the tangent bundle along the fibers of the map p. Then T p is a rational vector bundle. For a reduction of structure group s we will denote by T s the rational vector bundle defined by the pull-back of T p under s. We will also fix notations for the Lie algebras by putting g, p and l for the Lie algebras of G, P and L respectively. Then it can be verified that T s is the rational vector bundle on X associated to E s for the natural representation of P on g=p.
Recall the following definition of semistability from Ramanan-Ramanathan [19] . Definition 2.1. A rational G-bundle E ! U H X , with U a big open set is semistable with respect to polarization H if for any reduction of E to any parabolic subgroup P of G over any big open set U 0 H U, the line bundle associated to any dominant character on P has degree e 0.
This definition is equivalent to the fact that degðT s Þ > 0 for each rational parabolic reduction.
If V is a torsion free sheaf then over a big open set U the restriction V j U is a vector bundle. The above definition of semistability is equivalent to the m-semistability of V .
Coiai and Holla, Structure groups of principal bundles Instability degree and Harder-Narasimhan reduction. If the rational G-bundle is not semistable then there is a notion of Harder-Narasimhan reduction which we recall here. For a rational G-bundle E which is not semistable we define the instability degree to be:
where the minimum is taken over all parabolic subgroups P and rational reductions s. If the rational G-bundle is semistable then we say its instability degree is 0. The following lemma shows that the instability degree makes sense, and is an analogue of [10] , Lemma 2.1 for the higher dimensional varieties. Lemma 2.2. There exists a constant A E such that for any rational reduction s of E to any parabolic P we have degðT s Þ > A E .
Proof. It is enough to show that the degree of the rational vector subbundle adðE s Þ H adðEÞ is bounded above.
We can first extend the bundle adðEÞ to get a torsion free sheaf E on X . Then we can extend adðE s Þ inside E to obtain a torsion free subsheaf. There exists a constant A 0 E such that for any curve C in the class jH nÀ1 j, we have a bound h 0 ðC; Ej C Þ e A 0 E . Let g be the maximum of the genus of smooth curves in jH nÀ1 j. Now if C is a smooth projective curve which sits in the domain of definition of adðE s Þ and adðEÞ then we get degðE s Þ e A 0 E þ ðg À 1Þ rank À adðEÞ Á . This proves the lemma. r Definition 2.3. A rational reduction of structure group s of E to a parabolic P is said to be a Harder-Narasimhan reduction if degðT s Þ ¼ IdegðEÞ and P is maximal among parabolic subgroups of G containing B for which the above equality holds.
The Harder-Narasimhan reductions as defined above satisfy the following properties stated in Ramanathan [21] (see [4] for a proof ):
(1) If L is the Levi quotient of P, then the principal L-bundle E s ðLÞ obtained by extending the structure group is semistable.
(2) After fixing a Borel subgroup B H P of G, for any nontrivial character w of P which is a non-negative linear combination of simple roots, the associated rational line bundle w Ã À ðE s Þ Á over X is of positive degree.
It is proved in Behrend [3] that over a smooth projective curve there is a unique reduction to a parabolic subgroup containing B satisfying the above properties. In the case when X is higher dimensional the uniqueness is known only when the characteristic of the field is 0 or it is a large prime p.
We will not have the occasion to use the uniqueness of the above reduction. We will only use its existence.
For the case G ¼ GLðV Þ the above reduction defines the Harder-Narasimhan filtration and the uniqueness is then immediate. We have the following lemma which compares the instability degree with the m max À m min of the rational vector bundle. Lemma 2.4. Let E be a rational principal GLðV Þ bundle of rank r over X which is not semistable (we will denote by EðV Þ the associated vector bundle). Then we have the following:
Proof. For the proof one first notices that if F H EðV Þ is a rational subbundle of rank r 1 and F 1 is the quotient, then it defines a rational reduction of structure group s of E to a maximal parabolic P 1 of GLðV Þ. One further has an isomorphism of rational bundles T s G HomðF ; F 1 Þ.
This implies that
This inequality can also be written by eliminating
Now if we take F to be the rational subbundle which is maximal destabilizing then we
Combining these we have the proof of the lemma. r Ã ðEÞ which we will denote by ðF m Þ Ã E. One notes that the absolute Frobenius morphism is not a k-morphism. But since k is a perfect field we can always twist by the Frobenius isomorphism of k to ensure that the G-bundle ðF m Þ Ã ðEÞ has a well defined k-structure.
We will use the following well known result about Frobenius morphisms.
Proposition 2.5. Let E be a rational G-bundle over X. Then there exists a pconnection ' on the G-bundle F Ã ðEÞ which satisfies the following property: for any rational reduction of structure group s of F Ã ðEÞ to a parabolic P there is a vector bundle map (second fundamental form) ' s : T X ! T s (wherever T s is defined ) such that the following are equivalent:
(1) There exists a rational reduction s 0 of E to P such that F Ã ðs 0 Þ ¼ s.
(2) ' s is zero.
Proof. See for example, [23] , proof of Theorem (2.1).
Geometric invariant theory and the method of Ramanan and Ramanathan
In this section we will describe some basic facts about geometric invariant theory and briefly explain the results of Ramanan and Ramanathan [19] .
The instability parabolic. Let K be a field and let K be a fixed algebraic closure. Let G be a connected reductive algebraic group over K. Let V be a finite dimensional representation of G we get an induced action of G on the projective space PðV Þ of lines in V . For a point v A PðV Þ we will denote, by abuse of notation, a representative in V again by v.
Firstly we will describe the theory when K ¼ K is algebraically closed and later extend the theory to non-algebraically closed fields.
Recall that a point 0 3 v A V is semistable for the G-action if the closure Gv of the orbit of v does not contain 0. One knows that this definition is equivalent to existence of a G-invariant element f A S n ðV Ã Þ for some n > 0 such that fðvÞ 3 0.
If v A V is not semistable then recall the following notions.
Using the W -invariant inner product on a fixed maximal torus T one defines the slope nðv; lÞ ¼ mðv; lÞ=klk for all 1-PS in the maximal torus T. Since maximal tori are conjugates this definition can be extended to all 1-PS in G.
The following lemma will be used in the sequel.
Lemma 3.1. With the above notations there exists a constant C (independent of v A V and 1-PS l) such that nðv; lÞ e C.
Proof. See [18] , Proposition (2.17), p. 64, for a proof.
We define the instability 1-PS for a given v A V (which is not semistable) as one for which nðv; lÞ attains its maximum among all 1-PS of G (see [19] , Theorem (1.5, a)).
For a 1-PS l, recall the definition of the parabolic PðlÞ whose valued points are characterized by elements g A G for which the limit Lim t!0 lðtÞglðtÞ À1 exists.
In the following proposition we summarize the basic facts in geometric invariant theory.
Proposition 3.2. Let v A V be a non-zero element which is non-semistable.
(1) There is a unique parabolic subgroup PðvÞ with the property that for any instability 1-PS l for v we have PðvÞ ¼ PðlÞ.
(2) For any maximal torus T H PðvÞ there is a unique 1-PS l T H T such that it is an instability 1-PS for v.
Proof. See [19] , Theorem (1.5, b and c).
The above uniquely defined parabolic PðvÞ will be called the instability parabolic for v. Here the uniqueness of l is as a subgroup of T rather than a morphism G m ! T. If G acts on projective variety M which is linearized by an ample line bundle L then by taking some power of L we get a representation V of G and a G-equivariant embedding i : M ! PðV Þ with i Ã Oð1Þ being some power of L. In this setup we say a point m A M is semistable for G action if the corresponding point in V is semistable.
Let v 3 0 be a non-semistable point. Let P ¼ PðvÞ be its instability parabolic and let l H T H P be a chosen tuple of instability 1-PS and a maximal torus T. Let V ¼ L i V i be the decomposition of V with respect to l. Let j ¼ mðv; lÞ. Using this we have a decompo-
Here one notes that V j ¼ L ifj V i is preserved under the action of P ¼ PðvÞ and the unipotent radical U H P pushes V j to V jþ1 , thus giving an action of the Levi quotient
The W -invariant inner product on a fixed maximal torus of G naturally gives rise to a W -invariant inner product on T H PðvÞ. Let l l A X Ã ðTÞ n Q be the dual of l. Let r 1 A Z þ such that r 1 l l defines a character of T. The restriction of this character to the connected component Z 0 ðLÞ of the center of L, and taking a further multiple, extends to give a character of L. Hence given a l we get a character w of PðvÞ which is well defined up to a positive integral multiple.
In the following proposition we describe the basic result of Ramanan-Ramanathan [19] concerning the behaviour of
Proposition 3.3. Assume that the group Z 0 ðGÞ acts trivially on V. Then there exists a positive integer r and dominant character w of P such that the point v 0 A PðV j =V jþ1 Þ is semistable for the natural action of L with respect to linearization given by OðrÞ n O w À1 , where O w À1 is the trivial line bundle with L acting on it by w À1 .
The proof of the above result (as given in [19] , Proposition (1.12)) also gives a recipe to find the integer r and the character w and they are related by the following lemma.
Lemma 3.4. There is a character w 0 of the maximal torus T H P such that the following holds:
The above lemma will be used in our proof of the main theorem.
The rationality of the instability parabolic. We will now assume that the ground field K is not algebraically closed. Let G be a connected reductive group over K which acts on a projective K-variety M, linearized by an ample line bundle L, thus giving a G-equivariant embedding i : M ! PðV Þ as before.
We will call a K-valued point v A V semistable if it is so after a base change to algebraic closure. In this way we will avoid the confusion of which field the semistability definition is used.
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Let m be a K-rational point of M which is not semistable. Let PðmÞ be its instability parabolic defined over K.
Remark 3.5. Note that if PðmÞ is defined over K s then it is already defined over K. This is because of the uniqueness of PðmÞ (see Proposition 3.2 (1)) and the Galois descent argument. Also note that if PðmÞ is defined over K then it contains a maximal torus over K which splits over K s . Then the instability 1-PS of m which is contained in the maximal torus over K s , by uniqueness (Proposition 3.2 (2)) is Galois invariant and hence it is defined over K.
Let OðmÞ be the (reduced) orbit of G at m. Since m is defined over K the orbit OðmÞ is also defined over K.
We briefly recall the construction of a scheme MðPÞ x m which will be used later in an important way.
We can find a g A G such that gPðmÞg À1 ¼ P is defined over K s (as the variety of all parabolics conjugate to PðmÞ is defined over K s , being absolutely reduced, has a K s -rational point (see [6] ). If x m ¼ gm then P ¼ Pðx m Þ is the instability parabolic of x m .
Since P is defined over K s and over this field G splits, we have a maximal torus in P which splits over K s . Hence there is an instability 1-PS l of x m in this maximal torus over
for the action of l, where
Recall the definition of the K s -scheme MðPÞ x m as the scheme theoretic intersection of the K s -subschemes PðV j Þ and OðmÞ of PðV Þ.
The following two results summarize the basic properties of the scheme MðPÞ x m .
Lemma 3.6. The K-rational points of the K s -subscheme MðPÞ x m of the K-scheme OðmÞ are precisely those points which have Pðx m Þ as their instability parabolic. Moreover, when the G action on m is strongly separable then MðPÞ x m is absolutely reduced.
Proof. See [19] , Lemma (2.4).
Recall that the G-action at m A MðKÞ is said to be strongly separable if the isotropy subgroup scheme G x is reduced at every point x A MðKÞ which is in the closure of the orbit OðmÞ.
Lemma 3.7. Suppose that y A MðPÞ x m H OðmÞ is a K s -rational point and that there is an h A GðK s Þ such that h maps to y under the orbit map G ! OðmÞ. Then PðmÞ is defined over K.
Proof. By Lemma 3.6, the point y ¼ hm has the property that PðyÞ ¼ Pðx m Þ, hence PðyÞ is defined over K s . This implies that PðmÞ ¼ hPðyÞh À1 is also defined over K s , hence by Remark 3.5 we conclude the proof of the lemma. r
The above lemma has the consequence that if the action of G is strongly separable at m then the parabolic PðmÞ is already defined over K (also see [19] , Proposition (2.4)).
The argument of Ramanan and Ramanathan. Let E be a rational G-bundle over X . Let r : G ! G 1 be a representation of G which takes the connected component of the center of G to the center of G 1 . Let P 1 be a parabolic subgroup of G 1 . We fix a representation G 1 ! GLðV P 1 Þ such that it defines an embedding of G 1 =P 1 H PðV P 1 Þ with the property that the character of P 1 on V P 1 is a positive multiple m P 1 of the character of w P 1 associated to the restriction of the adjoint representation of P 1 on the vector space g 1 =p 1 .
The line bundle Oð1Þ on the projective variety PðV Þ gives rise to a line bundle L over
For the rational G-bundle E over X we have the group scheme EðGÞ using the conjugation action of G on itself. Let EðLÞ over EðG 1 =P 1 Þ be the associated line bundle over the associated rational fiber bundle over X .
Let EðGÞ 0 be the group scheme defined over the function field K of X . We also have the action of EðGÞ 0 on the projective variety
over K, linearized by the line bundle EðLÞ 0 .
Let s be a reduction of structure group of EðG 1 Þ to P 1 . Let s 0 be the associated Krational point of EðG 1 =P 1 Þ 0 .
In the following two propositions we summarise the basic argument of RamananRamanathan.
Proposition 3.8. Let s 0 be semistable for the action of EðGÞ 0 on EðG 1 =P 1 Þ 0 (over K) for the polarization EðLÞ 0 . Then the section s has the property that degðT s Þ f 0.
Proof. See [19] , Proposition (3.10), (1).
Suppose that s 0 is not semistable for the above action and that the instability parabolic P 0 for s 0 is defined over the field K. Then the parabolic P 0 H EðGÞ 0 gives rise to a rational reduction of the structure group t of E to the parabolic P such that
The following result is slightly more general than the Proposition (3.13) of [19] (without the semistability assumption on E) and its proof is along the same lines.
Proposition 3.9. Suppose s 0 is not semistable and its instability parabolic is defined over the field K then there exists a positive integer r and a dominant character w of P (related by the Lemma 3.4) such that the following inequality holds:
The above result when E is semistable implies that degðT s Þ f 0 and this along with Proposition 3.8 is used in characteristic zero to show that EðG 1 Þ is semistable.
We will use Proposition 3.9 in this generality because the instability parabolic will be Coiai and Holla, Structure groups of principal bundles defined after a suitable Frobenius pull-back of E which may not be semistable (see proof of Theorem 1.1).
A result on instability parabolics
One of the main steps in our proof of Theorem 1.1 is a result (Proposition 4.5) which gives uniform bounds for the domain of definition of instability parabolics. For proving this result we need to estimate the non-reducedness of the fibers of morphisms of algebraic varieties and we will do this part first.
We start with some definitions which will be used later. Let K be a field and let K be its algebraic closure.
We define the radical index RiðAÞ of an a‰ne algebra A over K to be the smallest integer n such that for any f in the radical RadðAÞ of A we have f n ¼ 0. For an a‰ne morphism f : Y ! X of finite type K-schemes we define the radical index RiðxÞ of a point x A X to be RiðY x Þ where Y x is the fiber of f at the point x A X . Proposition 4.1. Let f : Y ! X be a morphism of finite type a‰ne schemes over K. There exists an integer n such that RiðxÞ e n for each x A X .
Proof. The proof of this proposition is a series of reductions from the case of arbitrary X and Y to very specific ones using the induction on the dimension of X . Let X ¼ SpecðAÞ and Y ¼ SpecðBÞ and i be the homomorphism A ! B. For any prime ideal p A SpecðAÞ (or SpecðBÞ) we write Riðp; BÞ for the radical index of B=pB.
First we may assume that A is integral. This part is an elementary check.
We use induction on the dimðAÞ. So, successively we reduce to the situations where we need to bound Riðm; BÞ for maximal ideals m A SpecðA f Þ for suitable choices of f A A.
We make some reductions on B. We may assume that B is reduced. For this if m is a maximal ideal of A then we can check that Riðm; BÞ e Riðm; B red Þ þ RiðBÞ:
Next we may assume that B is irreducible. Let p i , for i ¼ 1; . . . ; m, be the set of minimal prime ideals in B. Let m be a maximal ideal in A. We will show that Riðm; BÞ e m Max Hence from now on we may assume that A and B are integral domains. Let C ¼ B X L. Then we observe that B is integral over C and is a finitely generated A-algebra. This implies that C is also a finitely generated A-algebra. Again by localizing A at an element we can assume that the A module B=C is flat over A and hence for any m in A we have Tor A 1 ðB=C; A=mÞ ¼ 0. This has the e¤ect that for each maximal ideal m in A we have an injection C=mC ! B=mB. Using this and the fact that x p n 1 A C for any x A B we have Riðm; BÞ e Riðm; CÞ þ p n 1 :
The problem now reduces to proving the proposition for the case when A ,! B is an extension of finitely generated domains such that the function field extension is separable. Further, it is enough to prove the result for the case A ,! B b for some b A B.
We may now assume that A and B are smooth domains. Hence we conclude that there exist elements b A B and a A A such that the morphism SpecðB ab Þ ! SpecðA a Þ is smooth. This implies that the fibers here are reduced and hence the proof of the proposition is complete. r Let T be a finite type scheme over K. Let N be its radical ideal sheaf. This has the property that for any closed point of T, the stalk of N is the radical of the local ring. We define the radical index RiðTÞ of T to be the smallest integer n such that for any open subset U H T and for any g A GðU; NÞ we have g n ¼ 0 A GðU; N n Þ.
Let f : Y ! X be a morphism of finite type K-schemes. In this general setting we define the radical index of the closed point x A X by RiðxÞ ¼ RiðY x Þ, where Y x is the fiber at x. In this case we have the following result which generalizes Proposition 4.1 and this will also be used in our proof of the main results. Then we have Riðx; Y Þ e n for each closed point x A X . This is because the fiber Y x can be covered by a‰ne open subschemes fV i; x g. Here V i; x is the fiber of x in V i . If U ! Y x is any open immersion and n A GðU; NÞ then restriction n i of n to U X V i; x lies in GðU X V i; x ; NÞ. Hence the result would follow if we show that for any K-algebra B and an element b A B we have RiðB b Þ e RiðBÞ. The last statement is a straightforward verification. This completes the proof of Proposition 4.2. r Remark 4.3. One notes that the constant n as defined in the above proposition depends on X , Y , and f but not on the K-valued points of X .
Let G be a reductive algebraic group acting on a variety M (over K). For any x A MðKÞ we denote the isotropy subgroup scheme at x by G x . The following result is a consequence of the above proposition. Proof. Consider the map G Â M ! M Â M defined by ðr; pr 2 Þ where r is the action map and pr 2 is the second projection map. Let D M be the diagonal map M ! M Â M. Let H ¼ ðG Â MÞ Â MÂM M. Then we have a natural projection map p : H ! M which has the property that for any x A MðkÞ the fiber of the map p at x is the isotropy subscheme G x . The result follows from Proposition 4.2. r Let K be an arbitrary field and K s and K be its separable closure and the algebraic closure respectively (in fact K will be the function field of the smooth projective variety X ).
In this case the radical index of a finite type scheme T over K is defined to be the radical index of the scheme T ¼ T n K K.
Let G be a reductive group over K. Let M and V be as defined before (in Section 3).
Let m be a non-semistable K valued point of M. Let PðmÞ be the instability parabolic defined over K. Recall from Remark 3.5 that if PðmÞ is defined over K s then it is already defined over K. Hence PðmÞ is always defined over a finite purely inseparable extension of K.
The following proposition is the main result of this section. Proof. It is enough to show that there exists an N such that the instability parabolic for any non-semistable K s rational point of M is defined over K p ÀN s (see Remark 3.5) . This enables us to assume that all our objects are defined over the field K s .
Let m be a K s -valued point of M which is not semistable for the action of G on M. Let OðmÞ be the (reduced) orbit of G at m. Let PðmÞ be its instability parabolic over K. We can find a g A G such that gPðmÞg À1 ¼ P is defined over K s (this was seen before). If x m ¼ g:m then P ¼ Pðx m Þ is the instability flag of x m .
To this setup we have the scheme MðPÞ x m as defined in Section 3 satisfying the properties of Lemmas 3.6 and 3.7.
Our main goal is to estimate the non-reducedness of the scheme MðPÞ x m independent of m, and this will enable us to prove that the parabolic PðmÞ is defined over a fixed purely inseparable extension of K s for all m.
Note that we have made a choice of x m and this choice fixes the instability 1-PS l of x m which is defined over K s . Hence the point x m determines the vector subspace V j H V (as defined in Section 3).
We will show that there exists a positive integer N 2 such that for any non-semistable point m A M and any choice of x m as above, the radical index Ri À MðPÞ x m Á e N 2 . The basic idea of the proof is to prove that the spaces MðPÞ x m occur as suitable subschemes of the fibers of a fixed morphism Y ! X and then apply Proposition 4.2 to bound the radical index. For this analysis we may assume that we are working over the algebraic closure K of K.
Consider the mapr r : G Â PðV Þ ! PðV Þ Â PðV Þ defined byr r ¼ ðr; pr 2 Þ, where r is the action map and pr 2 is the second projection. Let Y be the schematic image ofr r. In this case Y gets the reduced induced scheme structure from the product and its points are the closure of the image of the mapr r. We have the map h : Y ! PðV Þ which is the composition of the inclusion map to PðV Þ Â PðV Þ with the second projection. Let Y x be the fiber of h at a point x A PðV Þ. One observes that Y x contains the closure of the orbit OðxÞ of x.
For any integral locally closed subscheme Z H PðV Þ we have the restriction of the mapr r which we denote byr r Let 0 < l < dimðV Þ be an integer. Let Gr l ðV Þ be the Grassmannian of l-dimensional planes in PðV Þ. We have a universal subscheme i : H l H Gr l ðV Þ Â PðV Þ. This has the property that for each y A Gr l ðV Þ the inverse image ðH l Þ y ¼ i À1 À fyg Â PðV Þ Á H PðV Þ is PðW y Þ, where W y is the l dimensional subspace of V associated to the point y.
Now we consider the relative version of the setup to get a suitable intersection of the orbits with projective subspaces of PðV Þ. Let Z and U be defined as before. Take Z ¼ PðV Þ and we obtain an open subscheme U with a bound n for the radical index of PðW y Þ X OðxÞ for every x A U and y A Gr l ðV Þ. Then take the complement of U in PðV Þ and so on by induction there exists an integer n l such that Ri À PðW y Þ X OðxÞ Á e n l for each y A Gr l ðV Þ and x A PðV Þ. Proof. We will denote by A n the K 
The proof of the main theorems
In this section we will prove the main Theorems 1.1 and 1.2 stated in the introduction. The basic strategy of the proof is to assume 1.1 for the case of lower semisimple rank groups and prove 1.2. Finally prove the Theorem 1.1 using 1.2 and Proposition 4.5.
Proof of Theorem 1.2 (Assuming Theorem 1.1 for lower semisimple rank). We fix the Borel subgroup B and a maximal torus T H B and the root datum as before. Let D denote the set of simple roots. Let Q a be the maximal parabolic subgroup of G containing B corresponding to the simple root a A D. We will denote by q a and g the Lie algebras of Q a and G respectively. Let P be a parabolic subgroup of G containing B. Let L be its Levi quotient. We will use the following lemma which is proved in Biswas-Gomez (see [5] , proof of Theorem 4.1, page 783).
Lemma 5.1. Let P H Q a be an inclusion of parabolic subgroups. There exists a filtration
of P modules such that the following holds:
(1) The unipotent radical R u ðPÞ acts trivially on each successive quotients W Let P be the subset of simple roots defined by the property that a A P if and only if P H Q a . Here we can look at P as P P .
For an a A P, let w a 0 be the character of P which is defined by the representation of P on g=q a . One can check that the restriction of w a 0 to the maximal torus is a non-positive linear combination of simple roots with the coe‰cients of a being negative. Let w P be the character of P defined by the representation of P on g=p.
Let T be the finite set Q a A P ½0; a a Þ. For an element z A T, Lemma 5.1 and the observation above imply that there exists positive integers nðzÞ and m a ðzÞ (for each a A P) with the property that the restriction of the character nðzÞw P À P
to the maximal torus T is a linear combination of simple roots in D À P. This automatically implies that
We will define the constant N P by 
j Þg, where the maximum is taken over all a A P and 1 e j < a a .
We also define the constant M P by setting M P ¼ Max
Note that the constants N P , M P and C P depend on the parabolic P and since there are only finitely many choices of parabolic subgroups containing B, we will define the constant N (respectively M and C) to be the maximum of each N P (respectively M P and C P ) over all parabolics containing the Borel subgroup B.
We take a rational G-bundle E over X . Let IdegðEÞ be its instability degree. Let ðP 0 ; s 0 Þ be a Harder-Narasimhan reduction. One notes here that the reduction s 0 satisfies the properties (1) and (2) stated in Section 2.
Let F ¼ F Ã ðEÞ be the Frobenius pull-back of E. Let s be its Harder-Narasimhan reduction to a parabolic P containing B. We will denote by F s the P-bundle defined by s and T s the tangent bundle along the fibers of X . We will denote by F s; L the L-bundle obtained by extension of F s to L.
We need to bound the slope of T s in terms of the slope of T s 0 .
For each a A P, we have an inclusion P H Q a . This gives rise to a reduction s a of F to Q a and we will denote by F s a the Q a -bundle determined by this reduction.
By Lemma 5.1 we have representations of P in g=q a and representations r a j for 1 e j < a a . These give rise to a vector bundle T s a and a filtration F s ðV a j Þ of T s a with the property that successive quotients are isomorphic to F s; L ðW a j Þ.
The bundle F (being the Frobenius pull-back) admits a p-connection ' satisfying the properties defined in Proposition 2.5.
We apply this to the reduction s a to get the map of vector bundles ' s a : T X ! T s a .
First we consider the case when the above map is zero. Then there is a reductions s of E to Q a such that s a ¼ F Ã ðs sÞ. This has the e¤ect that degðT s a Þ ¼ p degðTs s Þ. Hence we have the inequality degðT s a Þ f p IdegðEÞ: ð6Þ
Now suppose that the map ' s a is not zero. Then there is a j such that the image of ' s a is contained in F s ðV a j Þ and not in F s ðV a jÀ1 Þ. Hence we get a non-trivial map
Let C X ¼ m min ðT X Þ. This combined with equation (5) and the fact that C X À C can be made to be negative implies that
Further the right-hand side in the inequalities (6) and (7), being negative, can be summed up to get a common right-hand side, namely p IdegðEÞ þ ðC X À CÞM.
Hence for any a A P either the inequality (6) holds or the inequality (7) holds for some choice of j. This implies that if we vary a A P we obtain an element z A T. Hence for the element z using the formula (3) we get
This implies that degðT s Þ f N À p IdegðEÞ þ ðC X À CÞM Á . This completes the proof of Theorem 1.2. r
The above theorem and an induction argument also proves the following.
Corollary 5.2. There exist constants C and N (independent of E ) such that
Proof of Theorem 1.1. We fix a Borel subgroup B 1 of GLðV Þ. For a parabolic P 1 of GLðV Þ containing B 1 , we have an action of G on M P 1 ¼ GLðV Þ=P 1 . We fix a representation GLðV Þ ! GLðV P 1 Þ such that it defines an embedding of GLðV Þ=P 1 H PðV P 1 Þ with the property that the character of P 1 on V P 1 is a positive multiple m P 1 of the character of w P 1 associated to the restriction of the adjoint representation of P 1 on the vector space glðV Þ=p 1 .
The line bundle OðÀ1Þ on PðV P 1 Þ when restricted to GLðV Þ=P 1 defines an anti ample line bundle L À1 P 1 which is also defined by the character Àm P 1 w P 1 .
For a rational G-bundle E over X we have a rational fiber bundle EðM P 1 Þ and the line bundle OðÀ1Þ gives a rational line bundle EðL
Þ.
Let x 0 be the generic point of X . Let EðGÞ 0 be the group scheme over K ¼ kðX Þ associated to E at the generic point x 0 . Then we have an action of EðGÞ 0 on EðM P 1 Þ 0 which is linearized with respect to the line bundle EðL P 1 Þ 0 over K. Lemma 5.3. There exists a constant N, depending only on G and X, such that for any rational G-bundle E and for any parabolic P 1 containing B 1 the instability parabolic for any K-valued non-semistable point of EðM P 1 Þ ( for the above action of EðGÞ 0 ) is defined over K p ÀN .
Proof. Let E 0 be the principal G-bundle over K obtained by restriction of E to the generic point of X . One observes that E 0 becomes trivial over a finite separable extension of K, hence when we change the base to K s , the separable closure of K, we get an isomorphism E 0 n K K s G G n k K s . This isomorphism now canonically extends to give an isomorphism of EðGÞ 0 n K K s G G n k K s and EðM P 1 Þ 0 n K K s G M P 1 n k K s , and the last one being compatible with group actions, and also of the isomorphisms between the ample line bundles on these spaces.
For the induced action of G n k K s on M P 1 n k K s which is linearised by L P 1 n k K s , by Proposition 4.5, it follows that there is a positive integer N such that for any nonsemistable point m of M P 1 n k K s the instability is defined over K p ÀN s . Since there are only finitely many parabolic subgroups containing B 1 we can find a constant N which works for all these parabolic subgroups.
This implies that the group scheme EðGÞ 0 n K K s for any E also has the same property. The Galois descent argument implies that instability parabolic of a K-valued point of EðM P 1 Þ 0 is defined over the field extension K p ÀN , with N being independent of the rational G-bundle E and the reduction s. This proves the lemma. r A rational reduction s of r Ã E to P 1 gives a K-rational point sðx 0 Þ of EðM P 1 Þ 0 . If this point is semistable then by Proposition 3.8, we have deg
If the point sðx 0 Þ is not semistable we have an integer N prescribed by Lemma 5.3 such that its instability parabolic P 0 0 is defined over K p ÀN .
One observes that pull-back by the N-th Frobenius morphism F N of X , the action of the generic fibre [19] , proof of Theorem (3.23)).
The parabolic subgroup P 0 0 defines a rational reduction of the structure group t of
Since P 0 0 is defined over K p ÀN , by Remark 3.5, the instability 1-PS for sðx 0 Þ is also defined over K p ÀN .
Proposition 3.9 (applied to bundle ðF N Þ Ã E and the point À ðF N Þ Ã s Á ðx 0 Þ) implies that there is a positive integer r and a dominant character w of P 0 such that the following inequality holds:
Let P H D be the subset defining the parabolic P 0 . Let Q a be the maximal parabolic subgroup of G containing P 0 defined by a. Let w a be the dominant character of Q a defined by the representation g=q a . There is a positive integer m a such that we have w a j T ¼ Àm a w a where w a are the fundamental weights of G with respect to a fixed maximal torus contained in P 0 . The above equality can be rewritten as w 0 ¼ rnðs N ; lÞl a where a A X Ã ðTÞ n Q is the element in the unit sphere defined by a ¼ l=klk.
By Lemma 3.1 there exists a constant B G such that for every point m A M P 1 n k K and l A X Ã ðTÞ n Q we have nðm; lÞ e B G : ð10Þ
The Weyl group invariant scalar product on X Ã ðTÞ n Q induces a scalar product on X Ã ðTÞ n Q. The following lemma is an elementary calculation.
One notes that under the scalar product we have kl a k ¼ 1. Since l a is trivial on the center of G, Lemma 5.4 implies that l a ¼ P a A D r a w a with jr a j e A G .
This along with the above description of r and w we get
The last equality can be rewritten in terms of w a as follows:
for every rational reduction s of r Ã E to P 1 which has the property that sðx 0 Þ is not semistable.
This implies that we have a constant CðG; rÞ such that
By Corollary 5.2 and Lemma 2.4 we are through with the proof of Theorem 1.1. r Remark 5.5. The proof actually shows the following more general result. Let r : G ! G 0 be a homomorphism of connected reductive groups which takes the identity connected component of the center of G to the center of G 0 . Then there exist constants C and C 0 (depending only on X , G, and r) such that for any rational G-bundle E over X we have Idegðr Ã EÞ f C IdegðEÞ þ C 0 :
With this formulation, Theorem 1.2 is a special case of this result when applied to the Frobenius homomorphism of G.
Boundedness of semistable bundles
In this section we prove the boundedness of semistable G-bundles on X under the assumption stated in the introduction. From now on we work with G-bundles on X and not the rational ones.
Let XðGÞ be the group of characters of G. Let A k ðX Þ be the k-th Chow group. To a principal G-bundle E, recall the definition of the degree d E A Hom À XðGÞ; A 1 ðX Þ Á of a principal G bundle E from the introduction.
We fix a collection of elements c i A A i ðX Þ for 2 e i e n ¼ dimðX Þ and also we fix an element d A Hom À XðGÞ; A 1 ðX Þ Á .
Under the assumptions in Theorem 1.3, we will show that the set S G ðd; c 2 ; . . . ; c n Þ of isomorphism classes of semistable G-bundles fEg with degree d E ¼ d and the Chern classes c i À adðEÞ Á ¼ c i is bounded. Our proof is based on Proposition (4.12) of [20] .
We begin with an elementary lemma which allows us to use representations.
Lemma 6.1. There is a faithful completely reducible rational representation of G.
Proof. For any irreducible representation r of G in a vector space V let kerðrÞ be the kernel. We first show that N ¼ T r kerðrÞ, over all irreducible representations, is trivial. This is because if r 1 is a faithful representation of G (hence of N) on a vector space W then there is a filtration of W such that successive quotients are irreducible. This implies that r 1 ðNÞ H GLðW Þ lies in a parabolic subgroup and its image when composed with the projection to the Levi quotient is trivial. Hence N is a unipotent normal subgroup scheme. Let N 0 be the identity component of N. Since G is connected, using the conjugation map G Â N 0 ! N defined by ðg; nÞ 7 ! gng À1 , we check that N 0 is normal. Again using the conjugation map, this time from G Â ðN 0 Þ red ! N we see that ðN 0 Þ red is also normal. Since G is reductive this proves that N is a finite subgroup scheme of G. Now using the conjugation map for the third time we get that N is central and hence it is diagonalizable. Now we see that the representation r 1 restricted to N is trivial which is a contradiction. Now by dimension and length count we can find finitely many irreducible representations r i , for i ¼ 1; . . . ; m, of G such that T m i¼1 kerðr i Þ ¼ 0. This proves the lemma. r
We also have another general lemma.
Lemma 6.2. Let r : GLðV Þ ! GLðW Þ be a representation of GLðV Þ. Let E 1 and E 2 be two GLðV Þ bundles over X such that c i ðE 1 For a fixed i, the representation r i takes the identity connected component of the center of G to the center of GLðV i Þ. Hence for E and E 0 in S G ðd; c 2 ; . . . ; c a Þ, we have
The representation r i induces a Lie algebra homomorphism g ! EndðV i Þ. It should be possible to prove a version of the above theorem for the case of principal G-sheaves in the sense of [8] .
Lemma 6.2 now proves that the two vector bundles
E À EndðV i Þ Á ¼ End À EðV i Þ Á and E 0 À EndðV i Þ Á ¼ End À E
